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SOLUTIONS OF EXERCISES. 
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Find the radius of a circle circumscribing the three tangent-circles of 
radii a, b, and c, respectively. [F. P. Maiz.~\ 

SOLUTION. 

It may be easily shown, where a, /?, y, d are sides of a quadrilateral, and 
X and ft are diagonals, that the following relation exists : — 

[4«2/2 _ (^ + X 2 — f?f] [4/W — (X 2 + S 2 — ff] 

= X 2 [ad (a 2 + X 2 — ft 2 ) (X 2 +d 2 — f) — /(a 2 -f d 2 — // 2 )] 2 . 

From the geometry of the figure a = a + c, /? = J + c, y = R — b, 
d = R — a, X = a -\- b, ft = It — c. 

By substituting these values we obtain a quadratic in JR. One value of 
R is the radius of circumscribed and the other the radius of inscribed circle. 

[0. W. Anthony.] 
393 

Show that if y be a quadratic function of x between the limits 0, h, its 
mean value can be expressed in an infinite number of wavs by the formula, 
Xy t + (1 — /)y 2 , where y„ y 2 correspond to the values 



_h ,111— X _ h , , \1 X 

^-2 _ Ni2^~' a ' 2_ 2 +A \i2r^i- 

[ W. M. Thornton.] 

SOLUTION. 

The solution is a transformation of the formula (14), Annals of Mathe- 
matics, Vol. IX, p. 6, wherein we have for the mean value required 

(1 — X)y i + Xy 2 , 
and 

2X=p + q, (1) 

with the condition 

/+h + j 2 -I(^ + ?) = °. 

or 

(P + if — i (p + q)=M> 

or 

4X 2 — %X=pg. (2) 
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Combining (1) and (2), we obtain 



p — q= */12A (1 — X) . 
Again 

nHi+P 0*2 — «i) = . 

»i + ? («» — »i) = * ; 

whence 

_ A A j> + g 

** ~ 2 2 J^ 



|- a aIi 



/i 



112(1 —X) 
and 



^ 2 — 2 + h \~12T ' [ W. IT. Echols.] 
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Show how to solve the simultaneous equations : 

x — y sin (z -\- a) = y sin z — a = y sin (z + /3) — J ; (1) 

a; (1 — sin y) = a , x[l — sin (y -f- /?)] = 5 . (2) 

[ TT. M. Thornton.'] 

SOLUTION. 

From (1) 

y [sin s — sin (z -f a)] = a , 
and 

y [sin s — sin (z + /9)] = a — o . 

By division and substitution 

cos (g + ^a) « sin ^/? 

cos (g -f \ft) (a — b) sin \a ' 

Expanding and dividing both terms of the first fraction by cos z, 

cos £a — sin £a tan z a sin ${3 

cos ^/9 — sin £/9 tan z (a — J) sin \a ' 
from which 

, a sin /? — (a — 5) sin a 

"*' " " a (1 — cos /?) — (a — b) (1 — cos «) ' 

Having found 2 from above equation x and y are derived, in terms of z, 
from equation (1). Their values are 

_ a sin (z + a) 
sin z — sin (z -\- a) ' 

a 

sin z — sin (z -f- a) [Marcus Baker.] 
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Given two straight lines referred to rectangular coordinates ; find geo- 
metrically an abscissa such that the sum of the squares of the two correspond- 
ing ordinates shall be a minimum. [J2. A. Harris.] 

SOLUTION. 

Suppose the equation 

y = rax 

to represent the line having the greater inclination to the ai-axis, and the equa- 
tion 

a b 
to represent the other line. When 

_ b 2 a 
X a 2 m 2 + b 2 ' 

the sum of the squares of the two y's becomes a minimum. The problem may 
now be stated : Given a, b, and m, to find x geometrically. 

Let 00 and AB denote the given lines ; draw AC parallel to the y-axis, 
and lay off A D = BO = b. Bisect A 0, thus determining E ; then with E as 
center and CD as radius, describe the arc FGH. Draw BO parallel to the 
a-axis, take GH = EG, and draw the line EHI. Take EI = EO = \a, 
and project /upon the #-axis in J; then is OJthe required abscissa. 

[ft. A. H arris.] 
398 

If any curve, plane or gauche, be referred to a set of coordinates P, Q, 
which are so connected with a set of orthogonal and isothermal coordinates^?, 
q that P = function p, Q = function q, then the angles made by this curve 
and the curves, Q = constant, P = constant are 

tan-1^2, tan-if?, 

dp dq 

respectively. [ft. A. Harris.] 

SOLUTION. 

Let (p, q) denote a point of the curve; then the distance to a neighbor- 
ing point is V~dp % + dq 2 where C depends upon p, q, but is independent of 
dp, dq. The projections of this curve element upon q = constant,^? = con- 
stant are Odp, Cdq in length ; hence 



tan-4?, tan-^ 
dp dq 
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are the angles made by the given curve and the curves q = constant,^? = 
constant, which may be written Q = constant, P = constant. 

[J2. A. Harris.] 
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If y be any cubic function of x between the limits 0, h, its mean value 
can be expressed in an infinite number of ways by the formula 

£ (Vi — 2y 2 + Vs) (1 + 2 sinV) + J (y s — yj sin <p + y 2 , 
where 

x 2 = — ^ sec ip sin (45° — f) ; x 3 = x 2 -f- £ h sec <p ; x x = x 2 — £ h sec <p . 

L W. IT. Echols.-] 

SOLUTION. 

We have, Annals of Mathematics, Vol. IX, p. 8, for the mean value of the- 
cubic between 0, h, 



_±_ {ip S 2 - l%) Vi ~ (ipS 2 +p -l i S 1 -l)y 2 + -Z-j QS t + f$) y t 



-aps, + p-iis,-^). 



wherein 

P = ( x 2 — »i)/(*3 — Xi) 
and 

#! = u + v , S 2 = u 2 + uv + v 2 , 
xS's = w 3 + w 2 w + uv 2 + w 3 , 
l+o, y , 1 — pv i 

tJU\ — lb , 3Cn lb . tCn — Orb • 

U V U V U V 

Put 

ips, + i( P - 1) S t -iS l = 0, 

and impose the condition that p shall be unity. Then follows the condition 
that u and v must satisfy u 2 -\- v 2 = 2. 

Since, now, S 2 = 1 -f ^S 2 , we have for the mean value 

i(l+ $S 2 ) (y, - 2y 2 + y 3 ) + iS t (y, - Vi ) + y 2 . 

Put m=i/2 cos 6, v = i/2 sin 0. Thenuv = sin20,and?< + t> = 2sin(45° + 6); 
u — v = 2 cos (45° + 0). 

Let y> = + 45° and substitute ; then the mean value is 

e (yi — 2 ^2 + y s ) (1+2 sinV) + i (y 3 — Vi) sin <p +y 2 , 
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where 



x. 



= — = h sec ip sin (45° — if) , 



1/2 

x 3 = x 2 -f £A sec f , 
«! = # 2 — £A sec if . S^W. H. Echols.] 
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If y be any cubic function of x, its mean value in any interval X 2 — X x = X 
can be expressed in an infinite number of ways in terms of only two ordinates 
by the formula 

3 sinV . f , 3 sinV 1 . -, r3 1 — 4 sinV ■. 

rT2^mV y3+ [ 1 - l+2sinV J ly2 + AZ 4 sin^ *" * ' 

where 

x 2 = X x -| = _£ sec 9? sin (45° — y>) , a? 3 = x. z -\- $ L sec if . 

j/2 

[ W. H. Echols.-] 

SOLUTION. 

In the general value for the mean value of the cubic given in the solution 
to Exercise 399 put 

p = 3SJ2S, . 

Then the general formula for the mean value is 

, a , /i i <n , 2 - p 2 (u 2 + v 2 ) tfjZ 3 

wherein 

*., = X, L , x» = x, A L . 

2 w — v u — v 

We may assign to u and v any values we choose, or we may choose x 2 and 
,t 8 and get u and w, and thence the mean value in terms of y s and y 2 . In par- 
ticular let m 2 + v 2 — 2. Then, as before, 

(S^ z= »/ -f m = 2 sin ^> , 

&, = M 2 -f- v 2 + ww = 2 cos If , 

uv = — cos 2tf . 

The mean value now becomes 

l+2sinV 2/s+ [ 1 + 54 sin 2 f J * 8 4 sin V * ' 
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and 

# 2 = X x -f- — = L sec <p sin (45° — <p) 

1/2 

jc 3 =. « 2 + \L sin y . [ W. IT. Echols.'] 
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Two circular arcs are tangent to each other and to the sides a and b of the 
triangle ABC at the points A and B. Show that the difference of curvature 
of the arcs is least when their common tangent makes with a and o the angles 
i (SB — A) and £ (3 J. — B), respectively. [ W. H. Echols.'] 

SOLUTION. 

Let P be the point of tangency of the two arcs ; 

d, <f, the angles made by the common tangent with a and b ; 
i? b i? 2 > radii of the circles ; 
r, the circum-radius of the triangle ABP. 
Then 

AP = 27?! sin \if = 2r sin (4 + B — id) , 

BP = 2r 2 sin i 6 = 2r sin (4 + B — if ) , 

2r sin £ ( A + B) = c , 

+ f = A + B . 
Accordingly, 

_L - _L — 2 sin j(A +B) r sin jfl _ sin^ y "I 

i? x i? 2 c [sin (B — if) gin {A— 10)]' 

The expression in brackets reduces to 

cos A — cos B 



cos i (A + B) — cos i (A — SB + 2» ' 

which is a minimum when 

A — SB + If = , 
i. e. when 

? = i (SB - A) 
and 

= i (SA — B) . [Geo. E. Dean.'] 



